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~lL’TIpLE sotJuTIo~s OF A ~EE Bou~~ARy

FRC EQUILIBRIUM PROBLEM IN A METAL CYLINDER

Ross L. Spencer and Dennis W. Hewett
University of California

Los Alamos National Laboratory
Los Alamoe, NM 87545

I. INTRODIICTION
Field reversed theta pinch experiments routinely produce very prolate plasma

equilibria: magnet~hydrodynamic equilibrium codes do not. Since the experimental
plasmas 6eem to be stable against the tilting-instability that is predicted for
moderately elongated equilibria, it has been conjectured that the observed
stability is due to exaggerated elongation. It has been difficult to test this
hypothesis because long equilibria have been difficult to comp te. Previous
calculations have indicated that SUCII equilibria might exist 1-t , but none of these
computed equilibria has been completely satisfactory.

We present a new approach to the computation of FRC eq’~ilibria that avoids the
previously encountered difficulties. For arbitrary pressure profiles it is
computationally eypensivu. but for one special pressure profile the ~roblem is
simple enough to require or,ly minutes of Cray time; i
have solved.

~ is this problem that we
We solve the Crad-Sh8franov equation, A $ - -rzp’(~), in an

infinitely long flux conserving cylinder of radius a with the boundary conditlona
that $(a,z) = -g-~, and that 3$/3z - 0 as Izl approaches infinity. The pressure
profile is p’($) = cH($) where c is a cons:ant and where N(x) is the Heaviside
function. We have found four solutions to this problem: There is a purely vacuum
state, two z-independent plasma so~utions, and an r-z-dependent plasma state.
These last three so!ucions are obtained only if the constant c is Rreater than a
certain value; for c smaller than this lower limit the three plasma solutions
cease to exist. At the critical value of c all three plasma solutions coalesce,

allo it is near this criclcal value of c that elongated equilibria are obtained.
This means that the elongated equilibria are found near a bifurcation point of the
~olutjon set, a notnrjously difficult region In which to compute. This probably
explains why e!ongnted sclutiona have been ao difficult to !ind.

11. ONE-I)IHENS1ONAL SOLUTIONS
Except for the trfviql vacuum solution, K- ● -t.wr21a2, the z-independent 6olu-

tione are the simplest to find. An elementary calculation yield~
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●nd where d = 2t#/c and $ = O nt r
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2=. Note that there arc two pose.’ble
eolutions; these two 3olutions arc% alizcd only if b is real, i.e. only If

C ~ 32$wlak. FiRurc 1 displays the o = O radius as n fuilction of c. The upper
nolutfon in thib figure 1s a high trapped flux solution that compreasc~ the vacuum
flu”t against the wall IIS c becomes large. The Iowcr solution in thiti figure is a
low trapped flux solution that is squeezed to the axis by the vacuum flux e~ c
becomes Ia:.gc. The preqcnce of a value of c below which no equilibria exist is
explain~d by notinR that the toroidal currer.: density 1s Riven by + - -cr}l(i,).

If c is too mall, there is not ●nough curre~t denoity to produce f.eld rever~al,



and no solutions of the model problem are po6sible. This same argument 6hould
apply to any two-dimensional solutions as well, so we expect in any family of
equilibria parametrized by c ‘.o encou:lter a lower iimit in c below which no equi-
libria exitzt.

1S1. A TWO-DIMENSIONA SOLUTION
From studies of HI1l’Iz vortex equilibria done by us (and independently by John

Boyd), we know there is at least one two-dimensional family of solutions
parametrized by c. With v given by the Hill’s vortex formula inside the
aeparatrixp a matching vacuum field out6ide the separatrix may be constructed by
mean6 of ellipsoidal coordinates. For both prolate and oblate Hill’s vortices,
the matching vacuum field has mirror coi16 at infinity, but for the spherlc~l
Mill’s vortex, the field lines at infinity are 6traight. This bpheriCal 6olution
ia given by I

(3)

—-
where Do . ?15Bo/2c and where BG is the uniform magnetic field at infinity. This
solution will be obtained in the model problem when ti)e plasma radius becomes very
small 60 that the cylindrical wall is effectively very far away, i.e., when c is
very large. Thi6 m<ans there ex16t6 a two-dimensional family of solutions whose
large c limit is given by Eq. (3) (B. is replaced by 2$w/a2). As c is decreased,
the equilibria shwld become larger and finally approach a 1111:11 SL;ILLL ;I[ .+(ll~(.
critical value 0! c.

We tried to compute these larRcr equilibria hy : .nite difference methods on a
mesh, but ran I’.lto difficulti@6. W~ conlcctllre that the shorp-edged current
dtstributimn ar,d che free-boundary non-linearity in the problem were what causeti
our iteration methods to co,lverge to ~tntes that wclrc not in fnct @quilibria. To
overcome these difficulties we completely reformulated the problem. Using the
Green’s theorem for A , the Crad-Shafranov equation may hc inverted to obtain the
equation

$. -jG(r, r’, z,z’)p’ ($) r’dr’dz’ ;, 2G dn’
‘~ J+jj-r_”

(4)

where (; satisfies A*C - rA(r-r’)6(z-z’) and C = O if r,r’ ● u. The Crecn’&
function is given by the cxprcaeion

K, (ka)

~ j~cosk(z-z’
r2Fr’2+(z-z’)2

C(r,rjz,z’)=Sr’ )I1(kr)I1(kr’ )Vk=)dk - ;:’Q1,2(- --?rr’
-—-) (5)

Formulatln~ the protiem this wl~y has ~hc ndvanta~e that it is not nocck~nry to
compute finite dlfferencc~ acro~a the ~epar~trix where the current dcn~lty muy b~’
discontinuous; the Intugrntion 1s t6kcn over the ruglon where there Iti currunt und
the Green’s function trikes ea.? of tlw vacuum fisld. DoinR the il~tc~rationu
accurately requires n fine mc~h; if a gcnorai prrosurc proftlc WC;C uucd,
Iteration would be ncceaaary to find $ inside the ~cparatrix, ●nd tlli~ rnctho(!
miqht be very expon6i-Jc. But for our model problcm, there lR no v dc:)cndcnco ml
the rip,ilt-hund side of Eq, (4) except fo; the nhapc of thr nuparatrix. Sillcu ttlu

6-~~rntrix 1s given hy v = U, Eq. (4) can bc uncd to obtnln the followlng
non-linaar mquatlon for the ecpnratrix.

c~~CJ r’dr’dz’
r2

+ *WF =0 ((l)



where Q la the region in the r’-z’ plane bounded by the separatrix. We do the
integrations in spherical coordi~atee and represent the separatrix as an expunsiion
in even-order Legendre polynomial as follows.

- X~=l anP2nP(x) “ (x) (7)

where p(x) 1.s the spherical radius of the separatrix at the polar tingle @ = COS-l (X).

The problem is solved when the a~s are determined.

Wen Eq. (6) is solved for very large c the small r~dius spherical solution is
reccvered. As c is decreased the solutions remain practically spherical until the
radius cf the solution at z=O becomes greater than about .6c; as c is decreased
further, the solutions beccme prolate and racetrack-like in shape. As c
approaches the one-dimensional critical vqlue, the elongation evidently becomes
infinite, and this twc,-dimensional soluticn branch connects with the l-dimensional
solution branches right at their bifurcation point. Figure 2 shows tbe separatrix
shapes for s sequerice of values of c approaching the critical value, Fig. 3 shows
the elongation of the solutions as a function of c , and Fig. 4 shows the flux plot
of a long equilibrium. For ratios of the separatrlx half-length (z sep~ ‘o
midplanc radius (rG ) greater than about li, a prohibitive number of ans are
required. Hence, t{$ exact behavior of rse /zs at the critical c is uncertain.
Nonetheless, the elon~ation does appear to ges~~rply singular there; only ina
relatively narrow region in c are \*ery long equilibria obtained. Since these
elongated equilibria lie near a bifurcation point, it should be a very delicate
matter co compute them by standard numerical ❑pthods.

We heve found UP to fcur solutions of our model problem given a value of c.
Tfere may hc other solution branches, but this two-dimensional branch contains
elongated racetrack equilibria o f the type observed in experiments.

Finally, we note that there are many pressure profiles whose one-dimensional
solu:lons lic on two cmnected branches like that represented for the model prob-
lem in Fig. 1, In particular, if p’ = cf(~/$o) where $0 is the maximum vnluc of $
in the plasma, two one-dimensional scl~ltion branches parametrized by c are often
ohtaincd. We conjecture that for all such pressure profiles there exists at least
on! two-dimensional solution branch parametrized by c that hecomcs infinitely long
,IS c approaches the o.le-jdimcnsional criLical value from above. If this conjecture
is true, it is pos~iblc to obtain some information about t.hc desired elongated
cquillhrium by sol”.:ing the tiluch eimpler one-dimensional pro!llem and examining ita
crlticnl solutjo:l. The critical solutlon will. have ncnrly the same average
radiu6, tra~pcd flljx, radial maRnetic field profile, and radial pressure profile
uo an eloagat~d equilibrium with the @amc pressure profile.

This work wa~ performed under the auspices of the LI.S.TJ.O.E.
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. FIGURE CAPTIONS

Fig. 1 The IJI=Oradlug is dieplayed as a function of c for the one-dlmensfonai
solution of the model problem.

Fig. 2 The separatrix shapes for a neqcence of values of cak/$w ● re ahovn:
(a) 60, (b) 40, (c) 36, (d) 34.

Fig. 3 The elongation, z gep/r 1s displayed us & function of c.sep’ ~
FIB. 4 A flux plWK for t e case ca /@w - 34 is ehowm.
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